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Abstract
LetAb(E) be the Banach algebra of all complex-valued bounded continuous functions on the closed unit
ball BE of a complex Banach space E and holomorphic in the interior of BE and let Au(E) be the closed
subalgebra of those functions which are uniformly continuous on BE . For the case E = M0w whose bidual
is a Marcinkiewicz sequence space Mw , we describe some sufficient conditions for a set to be a boundary
of either Ab(E) or Au(E). Moreover, we consider some analogous problems on M0w to those which were
studied on the Gowers space Gp of characteristic p by Grados and Moraes [L.R. Grados, L.A. Moraes,
Boundaries for algebras of holomorphic functions, J. Math. Anal. Appl. 281 (2003) 575–586; L.R. Grados,
L.A. Moraes, Boundaries for an algebra of bounded holomorphic functions, J. Korean Math. Soc. 41 (1)
(2004) 231–242].
© 2005 Elsevier Inc. All rights reserved.
Keywords: Holomorphic function; Shilov boundary; Marcinkiewicz sequence space; J. Globevnik; L.R. Grados;
L.A. Moraes
1. Introduction
Let A be a closed subalgebra of C(K), which is the Banach algebra of all complex-valued
continuous functions on a compact Hausdorff space K . It is called separating if for any x = y in
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‖f ‖∞} is said to be a maximal set of f . A subset F of K is called a boundary of A if F ∩ S(f )
is nonempty for all f ∈ A. If the class of all boundaries of A contains a minimal element M ,
the set M is called a minimal boundary of A. If A is separating, then it is well known that the
intersection of all closed boundaries of A is again a boundary of A, called the Shilov boundary
[12, Theorem 3.3.1] of A. Moreover, Bishop [3, Theorem 1] showed that for a compact metriz-
able space K , any separating A has a minimal boundary M consisting of all peak points. Recall
that a point x ∈ K is called a peak point for A if there exists f ∈ A such that f (x) = 1 and
|f (x)| > |f (y)| for all y = x in K .
For a noncompact space K Globevnik [6] introduced the concept of a boundary of a subalge-
braA of Cb(K), which is the Banach algebra of all bounded continuous functions on a Hausdorff
space K (not necessarily compact). Given a subalgebra A ⊂ Cb(K), a subset F ⊂ K is called
a boundary of A if ‖f ‖ = supx∈F |f (x)| for all f ∈A. Differently from the compact case, the
intersection of all closed boundaries of A is not always a boundary of A, even though A is sep-
arating. But, if it is still a boundary of A, then it is called that A has the Shilov boundary of A.
Further, there may be no peak points for A. Globevnik [5,6] first studied boundaries or peak
points for the following Banach algebras on infinite dimensional spaces, defined analogously to
the disc algebra.
Given a complex Banach space E, let Ab(E) be the Banach algebra of all complex-valued
bounded continuous functions on the closed unit ball BE of E and holomorphic in the interior of
BE with the norm given by
‖f ‖ = sup
x∈BE
∣∣f (x)∣∣ for all f ∈Ab(E).
LetAu(E) be the closed subalgebra of those functions which are uniformly continuous on BE .
A point x ∈ BE is said to be a complex extreme point of BE if y = 0 whenever y ∈ E and
‖x + λy‖E  1 for all |λ|  1. Globevnik [5, Theorem 4] proved that every peak point for
Ab(E) is a complex extreme point of BE . If E is finite dimensional, the Shilov boundary of
A = Ab(E) = Au(E) exists, because BE is compact. However, in case that E is infinite di-
mensional, the Shilov boundary of Ab(E) or Au(E) does not always exist. In fact, Globevnik
[6] obtained that there is no Shilov boundary of Au(c0) or Ab(c0). Aron, Choi, Lourenço, and
Paques [2] showed that for every 1 p < ∞ the Shilov boundary ofAu(lp) orAb(lp) is the unit
sphere Slp of lp, and that the Shilov boundary of Au(l∞) or Ab(l∞) does not exist. Recently,
Choi, Kim, Garcia, and Maestre [4] showed that there is no Shilov boundary of Au(C(K,C))
if K is a scattered and infinite compact Hausdorff space. We note that l∞ is isometrically iso-
morphic to C(βN,C) and βN, the Stone– ˇCech compactification of N, is not scattered. Acosta
[1] obtained a more general result that there is no Shilov boundary of Au(C(K,C)) if K is an
infinite compact Hausdorff space. In this paper, we describe boundaries of Au(E) or Ab(E) for
a Banach space E whose bidual is a Marcinkiewicz sequence space.
Given a positive real sequence w = (wn)∞n=1, the Marcinkiewicz sequence space with respect
to w is defined as the Banach space
Mw =
{
z = (zn)∞n=1:
(∑n
k=1[z]k∑n
w
)∞
∈ l∞
}
,k=1 k n=1
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given by
‖z‖w = sup
n∈N
∑n
k=1[z]k∑n
k=1 wk
= sup
n∈N
sup
|J|=n
∑
j∈J |zj |∑n
k=1 wk
.
Similarly, we consider its closed subspace M0w defined by
M0w =
{
z = (zn)∞n=1:
(∑n
k=1[z]k∑n
k=1 wk
)∞
n=1
∈ c0
}
.
Let B0w and S0w be the closed unit ball and the unit sphere of M0w , respectively. We can find the
following basic facts and more details of the Marcinkiewicz sequence space in [9–11].
We remark that we may assume without loss of generality that (
∑n
k=1 wk
n
)∞n=1 is decreasing,
if we need. The following statements are equivalent:
(i) M0w = {0}.
(ii) w /∈ l1.
(iii) Mw is the bidual of M0w .
Kamin´ska and Lee [9] proved that M0w is an M-ideal in its bidual Mw provided w /∈ l1 and
limn→∞
∑n
k=1 wk
n
= 0. Some classical Banach spaces are examples of M0w and Mw . If wn = 1 for
all n ∈ N, then M0w = c0 and Mw = l∞. If wn = 1p+n−1 for all n ∈ N, then M0w = Gp [7] where
Gp is the Gowers space of characteristic p. In particular, if p = 1, then M0w is exactly the Gowers
space G1 = d∗(w,1) which is the canonical predual of the Lorentz sequence space d(w,1). We
notice that M0w is isomorphic to c0 if and only if limn→∞
∑n
k=1 wk
n
converges to a positive real
β > 0.
From now on, we assume only that w ∈ c0 \ l1 without the condition that w is a decreasing se-
quence. It is known that (M0w,‖ ‖w) is isomorphic to the canonical predual of a Lorentz sequence
space, but not isometrically isomorphic to it. As we see even in a finite dimensional case, the
Shilov boundary is preserved only by isometric isomorphisms, but not by isomorphisms. Hence
it is worth studying the boundaries of the function algebras on M0w , because M0w is more general
than the canonical predual of a Lorentz sequence space in the sense of isometric isomorphisms.
For a finite subset J of N we can regard Mw,J = (CJ ,‖ ‖w) as the |J |-dimensional subspace
of M0w consisting of all z = (zn)∞n=1 such that zj = 0 for all j /∈ J . Let Bw,J and Sw,J be the
closed unit ball and the unit sphere of Mw,J , respectively. In particular, if J = {1, . . . , n} for
some n ∈ N, we denote (Cn,‖ ‖w) by Mw,n as the n-dimensional subspace of M0w . Similarly, let
Bw,n and Sw,n denote the closed unit ball and the unit sphere of Mw,n, respectively. In Section 2
we construct a useful boundary of the separating Banach algebra Au(Mw,n) through the charac-
terization of complex extreme points of the compact ball Bw,n. In Sections 3 and 4, we obtain
some sufficient conditions for a set to be a boundary of Au(M0w) or Ab(M0w) and also prove that
the Shilov boundary of Au(M0w) or Ab(M0w) does not exist.
2. Boundaries forAu(Mw,n)
Fix n ∈ N. For each 1 k  n let Ink be the set of all combinations (i1, . . . , ik) of k elements
of {1, . . . , n} with i1 < · · · < ik . For each σ = (i1, . . . , ik), let σ ∗ = {i1, . . . , ik}. We can remark
that for each subset J of {1, . . . , n} with |J | = k there exists a unique σ ∈ In such that J = σ ∗.k
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(T1) ∑nj=1 |zj | =∑nj=1 wj ;
(T2) ∑j∈μ∗ |zj |∑sj=1 wj for all μ ∈ Ins and all 1 s < n.
We can check easily that Tw,n ⊂ Sw,n is closed in Mw,n. The following lemma implies that
Tw,n has no element for some weight sequence (w1, . . . ,wn).
Lemma 2.2. If n 2 and
∑n
k=1 wk
n
< wn, then Tw,n is empty.
Proof. It is easily seen that every element in Tw,n has norm one in Mw,n. Suppose that z =
(z1, . . . , zn) ∈ Tw,n. We may assume that |zi | |zi+1| for all 1 i  n − 1. Since ∑n−1i=1 |zi |∑n−1
i=1 wi and
∑n
i=1 |zi | =
∑n
i=1 wi , |zn|wn. Therefore
|z1| · · · |zn|wn >
∑n
k=1 wk
n
implies that
∑n
k=1 wk <
∑n
k=1 |zk|, which contradicts (T1). 
Lemma 2.3. [7, Lemmas 2.2, 2.3]
(1) Let c > 0 be given. Suppose that ζ0, z0 ∈ C is such that θ0 = −arg(ζ0), |ζ0| = |z0|, and
ζ0 = z0. Then∣∣1 + cz0eiθ0 ∣∣< 1 + c|ζ0|.
(2) Suppose that a, b ∈ R satisfies 0 < a < 1 and a < b. Then the function f :R → R defined by
f (x) =
(
1 + x
b − a
)(
1 + b − x
a
)
has a maximum only at x = a.
The following proposition follows immediately from Lemma 2.3 and the same argument as
in [2, Theorem 10].
Proposition 2.4. Suppose that Tw,n is nonempty for n 2. Then every z ∈ Tw,n is a peak point
for Au(Mw,n).
Let Cw,n be the set of all complex extreme points of the compact unit ball Bw,n. It follows
from [3, Theorem 1] and [5, Theorem 4] that Cw,n is a boundary ofAu(Mw,n). We now consider
the following sets in order to characterize Cw,n. For n 2 and 1 k  n − 1,
Dkw,n =
{
(z1, . . . , zn) ∈ Sw,n:
k∑
j=1
[z]j =
k∑
j=1
wj , [z]k+1 = · · · = [z]n = [z]k,
(m − k)[z]k <
m∑
wj for all k + 1m n
}
,j=k+1
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by Dnw,n for all n ∈ N. It can be easily verified that, for each z = (zj )nj=1 ∈ Dkw,n, wk  [z]j for
all 1 j  n.
Proposition 2.5. For every n ∈ N,
Cw,n =
n⋃
k=1
Dkw,n.
Proof. It is clear for the case n = 1. Fix n  2. It follows from [5, Theorem 4] and Propo-
sition 2.4 that Dnw,n = Tw,n ⊂ Cw,n. We first show that
⋃n−1
k=1 Dkw,n ⊂ Cw,n. Choose z =
(z1, . . . , zn) ∈⋃n−1k=1 Dkw,n. Assuming that z1  z2  · · ·  zn > 0, there exists 1  k0  n − 1
such that
k0∑
j=1
zj =
k0∑
j=1
wj , zk0+1 = · · · = zn = zk0 , (m − k0)zk0 <
m∑
j=k0+1
wj
for all k0 + 1m n.
Suppose that ‖z + λy‖w  1 for all |λ|  1, where y = (y1, . . . , yn) ∈ Cn. Since (z1 + λy1,
. . . , zk0 + λyk0) ∈ Bw,k0 and (z1, . . . , zk0) ∈ Tw,k0 is a complex extreme point of Bw,k0 , we have
y1 = · · · = yk0 = 0. Thus z1  z2  · · · zk0  |zm +λym| for all k0 +1m n and all |λ| 1.
Since zk0 = zm for all k0 + 1m n, we have ym = 0 for all k0 + 1m n, which implies
z ∈ Cw,n.
To obtain the opposite inclusion, choose z = (z1, . . . , zn) ∈ Sw,n\⋃nk=1 Dkw,n. We may as-
sume that z1  z2  · · ·  zn > 0. Then there exists the largest positive integer k0 with
1  k0  n − 1 such that ∑k0j=1 zj =∑k0j=1 wj . In addition, there exists the smallest nonneg-
ative integer l0 with 0  l0  n − (k0 + 1) such that zk0 = · · · = zk0+l0 > zk0+l0+1  · · ·  zn.
Since
∑k
j=1 zj <
∑k
j=1 wj for all k  k0 + l0 + 1, there exists δ > 0 such that
zk0+l0+1 + δ < zk0+l0 ,
k0+l0+m∑
j=1
zj +mδ <
k0+l0+m∑
j=1
wj
for all 1m n − (k0 + l0). Consider a nonzero vector y = (ys)ns=1 such that
yj =
{
0 if 1 j  k0 + l0,
δ if k0 + l0 + 1 j  n.
We can check easily that ‖z + λy‖w  1 for all |λ| 1, hence z /∈ Cw,n. 
Theorem 2.6. For every n ∈ N, Cw,n is a closed boundary of Au(Mw,n).
Proof. Because of [3, Theorem 1] and [5, Theorem 4], Cw,n is a boundary. It is enough to prove
that Cw,n is closed. Suppose that a sequence (ζj )∞j=1 in Cw,n =
⋃n
k=1 Dkw,n of the form ζj =
(ζ
(j)
1 , ζ
(j)
2 , . . . , ζ
(j)
n ) converges to ζ = (ζ1, ζ2, . . . , ζn) ∈ Mw,n. By passing to a subsequence, we
might as well assume that ζ (j)1  ζ
(j)
2  · · · ζ (j)n > 0 for all j and ζ1  ζ2  · · · ζn > 0.
Let p be the smallest positive integer such that Dpw,n contains infinitely many terms of {ζj }∞j=1.
By passing to a subsequence, we may assume that the sequence is contained in Dpw,n. If p = n,
then the limit ζ of (ζj )∞ must be in the closed set Tw,n = Dnw,n.j=1
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j=p+1 wj for all p+ 1m n, because limj→∞ ζ (j)k = ζk for all 1 k  n. If (m−p)ζp <∑m
j=p+1 wj for all p + 1m n, then ζ ∈ Dpw,n. Otherwise, choose the largest positive inte-
ger q , p + 1 q  n such that (q − p)ζp =∑qj=p+1 wj , and we have ζ ∈ Dqw,n. 
For each k ∈ N we can find the smallest positive integer mk such that
k+l∑
j=k+1
wj  l · wk for all l mk,
since w ∈ c0. For each k ∈ N and n k + 1, we define
wn,k =
∑k
j=1 wj + (n − k) ·wk∑n
j=1 wj
.
Then we can see that wn,k  1 for all n  k + mk. Moreover, Dkw,n = ∅ for all n  k + mk.
Otherwise, there exist k0 ∈ N and n0  k0 + mk0 such that Dk0w,n0 is nonempty. Choose ζ =
(ζj )
n0
j=1 ∈ Dk0w,n0 . By the definition of Dk0w,n0, we may assume that ζ1  · · · ζk0 = · · · = ζn0 > 0.
Since ζ ∈ Dk0w,n0 , ζj wk0 for all 1 j  n0. Then
1wn0,k0 =
∑k0
j=1 wj + (n0 − k0)wk0∑n0
j=1 wj

∑k0
j=1 ζj + (n0 − k0)ζk0∑n0
j=1 wj
=
∑n0
j=1 ζj∑n0
j=1 wj
,
which contradicts the fact ζ ∈ Dk0w,n0 . Hence we obtain that for each l ∈ N,
Cl =
∞⋃
n=l
Cw,n =
∞⋃
n=l
n⋃
k=1
Dkw,n =
∞⋃
k=1
max{k,l}+mmax{k,l}−1⋃
n=max{k,l}
Dkw,n.
In particular, if w is a decreasing sequence, then mk = 1 for all k ∈ N.
Example 2.7. Consider the weight sequence w = (wk)∞k=1 such that w1 = 1, w2k = 12k+1 ,
w2k+1 = 12k for all k. Since w2k−1 > wl for all l  2k, we have m2k−1 = 1 for all k. A sim-
ple computation shows that for every k ∈ N,
w2k < w2k+1, 2w2k < w2k+1 +w2k+2, lw2k > w2k+1 + · · · +w2k+l
for all l  3. Hence m2k = 3 for all k.
Theorem 2.8. For each l ∈ N,
Cl =
∞⋃
n=l
Cw,n =
∞⋃
n=l
n⋃
k=1
Dkw,n =
∞⋃
k=1
max{k,l}+mmax{k,l}−1⋃
n=max{k,l}
Dkw,n
is closed in M0w.
Proof. Let z = (zj )∞j=1 ∈ Cl in M0w . Then there exists N0  l such that for all k N0 + 1,∑k
j=1[z]j∑k
wj
<
1
2
.j=1
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ζ1  ζ2  · · · ζk = ζk+1 = · · · = ζn > 0. For all k N0 + 1,
‖ζ − z‖w 
∑k
j=1 |ζj − zj |∑k
j=1 wj

∑k
j=1 ζj∑k
j=1 wj
−
∑k
j=1 |zj |∑k
j=1 wj

∑k
j=1 ζj∑k
j=1 wj
−
∑k
j=1[z]j∑k
j=1 wj
> 1 − 1
2
= 1
2
,
which implies that z /∈ ⋃∞n=N0+1⋃nk=N0+1 Dkw,n. Thus z ∈ ⋃∞n=l⋃min{n,N0}k=1 Dkw,n. Given 1 
k N0, we remind that Dkw,n = ∅ for all n k +mk . Let
N1 = max
1kN0
{k + mk}.
Since N0 + mN0 > l, we have N1 > l. Since Cw,n is closed in Mw,n by Theorem 2.6 and
Dkw,n = ∅ for all 1 k N0 and all nN1, we obtain
z ∈
N1−1⋃
n=l
Cw,n =
N1−1⋃
n=l
Cw,n ⊂ Cl.
Hence Cl is closed in M0w. 
For instance, the Gowers space Gp of characteristic p in [7] is the example of M0w with the
sequence w = (wn)∞n=1 such that wn = 1p+n−1 for all n ∈ N. Since w is a strictly decreasing
sequence in c0 \ l1, Cw,n = Tw,n for all n ∈ N. Using the same argument in Theorem 2.8, we can
verify [7, Proposition 3.1] that ⋃∞i=1 Tw,ni is closed in Gp for any increasing sequence (ni)∞i=1
of positive integers.
Let supp(z) = {j ∈ N: zj = 0} for z = (zj )∞j=1 ∈ M0w . If supp(z) is finite, we call z a finite
vector. For every j ∈ N, let ej = (ζk)∞k=1 be the vector such that ζj = 1 and ζk = 0 for all k = j
in N. Then (ej )∞j=1 is a Schauder basis of M0w , and the set of all finite vectors in S0w and B0w is
dense in S0w and B0w , respectively.
3. Boundaries forAu(M0w)
Let I∞k be the set of all combinations (i1, i2, . . . , ik) of k elements of N with i1 < i2 < · · · < ik .
For each σ = (i1, i2, . . . , ik) ∈ I∞k , let σ ∗ = {i1, i2, . . . , ik}. The set σ ∗ is called the support
associated with σ.
Definition 3.1. Given σ ∈ I∞k , define the torus Tw,σ associated with σ as the set of all z =
(zj )
∞
j=1 ∈ M0w such that
(T1) zj = 0 if and only if j ∈ σ ∗;
(T2) ∑j∈σ ∗ |zj | =∑kj=1 wj ;
(T3) ∑j∈μ∗ |zj |∑sj=1 wj for all μ ∈ I∞s with μ∗ ⊂ σ ∗.
Definition 3.2. Given σ = (i1, . . . , ik) ∈ I∞k , define the set Cw,σ associated with σ as the set of
all z = (zj )∞ ∈ M0w such thatj=1
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(C2) ∑kj=1 zij ej is a complex extreme point of Bw,k.
Let Mw,σ be the subspace of all z = (zj )∞j=1 ∈ M0w such that zj = 0 for all j /∈ σ ∗. Let Bw,σ
be the closed unit ball of Mw,σ . Then both Tw,σ and Cw,σ are contained in Bw,σ and hence Cw,σ
is a closed boundary of Au(Mw,σ ) by Theorem 2.6.
We now consider the finite dimensional coordinate σ -projection Pσ :M0w → M0w defined by
Pσ (z) =
∑
j∈σ ∗
zj ej for all z = (zj )∞j=1 ∈ M0w.
The set σ ∗ is called the support of Pσ and denoted by suppPσ .
Lemma 3.3. [6, Lemma 1,4] Given any δ > 0, there exists C(δ) > 0 with the following property:
Let E be a complex Banach space and let f ∈ Ab(E) with ‖f ‖  1. If x, y ∈ E satisfy ‖x +
(1 + δ)ζy‖E  1 for all |ζ | < 1, then∣∣f (x + ζ1y) − f (x + ζ2y)∣∣ C(δ)(1 − ∣∣f (x + ζ1y)∣∣) for all |ζ1|, |ζ2| 1.
Theorem 3.4. Let S be a subset of B0w and let (Pσn)∞n=1 be a sequence of finite dimensional
coordinate projections. Suppose that every finite subset of N is contained in σ ∗n for some n ∈ N.
If Pσn(S) contains Cw,σn for every n ∈ N, then S is a boundary of Au(B0w).
Proof. Applying Theorem 2.6 and Lemma 3.3, the proof follows from the same argument as
in [6, Theorem 1.5]. However, we give the proof for our completeness. Suppose that S is not
a boundary of Au(M0w). Then there exist f ∈ Au(M0w) and 0 <  < 1 such that ‖f ‖ = 1 and
|f (x)| < 1 −  for all x ∈ S. On the other hand, there exists a sequence (yk)∞k=1 of finite vectors
in S0w such that
1 − 1
k
<
∣∣f (yk)∣∣ 1.
From the given hypothesis on (σ ∗n )∞n=1, for each k ∈ N there exists lk ∈ N such that supp(yk) ⊂ σ ∗lk .
Since yk ∈ Bw,σlk and Cw,σlk is a closed boundary of Au(Mw,σlk ), there exists xk ∈ Cw,σlk
such that |f (yk)|  |f (xk)|. Therefore, (xk)∞k=1 is a sequence in
⋃∞
n=1 Cw,σn such that
limk→∞ |f (xk)| = 1. Since Pσn(S) contains Cw,σn for all n ∈ N and f is continuous on B0w,
there exists a sequence (uk)∞k=1 in
⋃∞
n=1 Pσn(S) such that limk→∞ |f (uk)| = 1. For each k ∈ N
there exist zk ∈ S and nk ∈ N such that Pσnk (zk) = uk. Let vk = zk − uk for each k ∈ N. Then
supp(uk) ∩ supp(vk) = ∅ and zk = uk + vk. Take x = uk , ζ1 = 0, y = (1 − δ)vk, and ζ2 = 1.
Since f ∈ Ab(M0w), it follows from Lemma 3.3 that for each 0 < δ < 1 there exists C(δ) > 0
such that∣∣f (uk) − f (uk + (1 − δ)vk)∣∣ C(δ)(1 − ∣∣f (uk)∣∣)
for all k ∈ N. Since C(δ) is independent of k ∈ N and limk→∞ |f (uk)| = 1, we have
lim
k→∞
∣∣f (uk + (1 − δ)vk)∣∣= 1
for all 0 < δ < 1. Since f is uniformly continuous on B0w,
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z∈S
∣∣f (z)∣∣ lim
k→∞
∣∣f (zk)∣∣= lim
k→∞ limδ→0+
∣∣f (uk + (1 − δ)vk)∣∣= 1,
which is a contradiction. 
Corollary 3.5. A subset S of B0w is a boundary of Au(M0w) if Pσ (S) contains Cw,σ for any
σ ∈⋃∞k=1 I∞k .
Corollary 3.6. Suppose that (σn)∞n=1 is a sequence in
⋃∞
k=1 I∞k such that every finite subset of N
is contained in σ ∗n for some n ∈ N. Then S =
⋃∞
n=1 Cw,σn is a boundary of Au(M0w).
Theorem 3.7. The intersection of all closed boundaries of Au(M0w) is empty, that is, the Shilov
boundary of Au(M0w) does not exist.
Proof. For every l ∈ N, Cl = ⋃∞n=l Cw,n is a closed boundary of Au(M0w) by Theorems 2.8
and 3.4. Since
⋂∞
l=1 Cl = ∅, the Shilov boundary of Au(M0w) does not exist. 
We present some notations before we investigate the following example. Let J (1) be the
smallest positive integer such that 2 < J(1) and wJ(1) < min{w1,w2}. For n 2, let J (n) be the
smallest positive integer such that
max
{
n + 1, J (n − 1)}< J(n) and wJ(n) < min{w1, . . . ,wn,wn+1,wJ(n−1)}.
Then (wJ(n))∞n=1 is strictly decreasing sequence such that wJ(n) < wn+1 for all n. Moreover, for
each z = (z1, . . . , zn) ∈ Cw,n, there exists 1 k0  n such that z ∈ Dk0w,n and then
[z]1  · · · [z]k0−1  [z]k0 = [z]k0+1 = · · · = [z]n wk0 > wJ(n).
Example 3.8. Fix j ∈ N. For each n ∈ N, let
H
j
n =
{
(zl)
∞
l=1 ∈ B0w: (zl)nl=1 ∈ Cw,n, zn+1 = wJ(n+j−1), and zl = 0 ∀l  n + 2
}
and Hj =⋃∞n=1 Hjn . It follows from Theorems 2.8 and 3.4 that every Hj is a closed boundary
of Au(M0w). Moreover, it is easily seen that {Hj }∞j=1 is a family of closed boundaries of Au(B0w)
satisfying the following:
(1) Cw,σ ∩Hj = ∅ for all σ ∈⋃∞k=1 I∞k ,
(2) Hj ∩Hk = ∅ for all j = k,
which shows that the Shilov boundary of Au(M0w) does not exist.
4. Boundaries forAb(M0w)
It is easily verified that every boundary of Ab(M0w) is a boundary of Au(M0w). On the other
hand, we first show that there exists a boundary ofAu(M0w), which is not a boundary ofAb(M0w).
Example 4.1. Let δn = min1kn wk . The set
H = {z = (zj )∞j=1 ∈ B0w: zn = δn for some n ∈ N}
is a boundary of Au(M0w), which is not a boundary of Ab(M0w).
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decreasing to 0, there exists the smallest positive integer N1 such that 0 < δn < 1 for all nN1.
Let
γ = 1 +w1 + sup
n∈N
wn.
Choose an increasing sequence (kn)∞n=1 of positive integers such that for each n ∈ N,∣∣1 − (δn − ζ )1/kn ∣∣< 12n for all |ζ | < 12
and
1
kn
logγ  1
2n
, δ
1/kn
n  1 − 12n .
Define f (z) =∏∞n=1(δn − zn)1/kn for z = (zn)∞n=1 ∈ B0w. Recall that∏∞n=1(1− 12n ) converges
to some positive real α > 0. Since 0 < δ1/knn < 1 for all nN1 and
∏m
n=1 δ
1/kn
n  α > 0 for all
m ∈ N, there is β > 0 such that
f (0) =
∞∏
n=1
δ
1/kn
n = β.
Note that every factor (δn − zn)1/kn of this infinite product belongs to Au(M0w). Let z ∈ B0w and
let N(z) = {y ∈ B0w: ‖y − z‖w < 14w1 }. There exists a positive integer N2 such that |zn| < 14 for
all nN2. Then for all y ∈ N(z) and all nN2,
|yn| |yn − zn| + |zn|w1‖y − z‖w + |zn| < 12 .
Since |1 − (δn − ζ )1/kn | < 12n for all |ζ | < 12 , the above infinite product converges uniformly to
nonzero f on N(z). Since z was arbitrary, f is continuous on B0w and holomorphic in the interior
of B0w.
We now show that f is bounded on B0w . For each n ∈ N and z = (zn)∞n=1 ∈ B0w,
|δn − zn| δn + |zn|wn + w1  γ
and hence∣∣∣∣∣
m∏
n=1
(δn − zn)1/kn
∣∣∣∣∣=
∣∣∣∣∣
m∏
n=1
exp
[
log(δn − zn)1/kn
]∣∣∣∣∣
=
m∏
n=1
exp
[
Re
{
1
kn
log(δn − zn)
}]
=
m∏
n=1
exp
[
1
kn
log |δn − zn|
]

m∏
n=1
exp
[
1
kn
logγ
]

m∏
exp
(
1
2n
)
,n=1
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of Ab(M0w). 
The function f in the proof of Example 4.1 not uniformly continuous is an immediate con-
sequence of the fact that H is a boundary of Au(B0w). In fact, we can give a direct proof that
the function f in Example 4.1 is not uniformly continuous on B0w . Indeed, for each n ∈ N, let
yn = (y(n)s )∞s=1 be defined by
y(n)s =
{
δn if s = n,
0 if s = n.
For every 0 <  < β, there exists n ∈ N such that wnw1 <  and hence
‖yn‖w =
δn
w1
 wn
w1
< .
Since |f (yn ) − f (0)| = β > 0, f is not uniformly continuous on B0w .
We now study a sufficient condition for a subset S of B0w to be a boundary of Ab(M0w) and
some concrete examples of boundaries of Ab(M0w).
Choose a finite subset J = {i1, . . . , ik} of N with |J | = k. Recall that Mw,J = (CJ ,‖ ‖w) is
the k-dimensional subspace of M0w consisting of all z = (zn)∞n=1 such that zj = 0 for all j /∈ J
and Bw,J is the closed unit ball of Mw,J . We consider the set Cw,J associated with J as the set
of all z = (zj )∞j=1 ∈ M0w such that
(C1) zj = 0 if and only if j ∈ J ;
(C2) ∑kj=1 zij ej is a complex extreme point of Bw,k.
Then Cw,J is contained in Bw,J .
Proposition 4.2. Suppose that (Jn)∞n=1 is a sequence of finite subsets of N such that every finite
subset of N is contained in some Jn. Then S =⋃∞n=1 Cw,Jn is a boundary of Ab(M0w).
Proof. Given f ∈Ab(M0w) with ‖f ‖ = 1, there exists a sequence (yk)∞k=1 of finite vectors in S0w
such that
1 − 1
k
<
∣∣f (yk)∣∣ 1.
For each k ∈ N there exists lk ∈ N such that supp(yk) ⊂ Jlk . Since yk ∈ Bw,Jlk and Cw,Jlk
is a boundary of Au(Mw,Jlk ) = Ab(Mw,Jlk ) by Theorem 2.6, there exists xk ∈ Cw,Jlk such
that |f (yk)|  |f (xk)|. Therefore, S is a boundary of Ab(M0w), because {xk}∞k=1 ⊂ S and
limk→∞ |f (xk)| = 1. 
Corollary 4.3. For every l ∈ N, Cl =⋃∞n=l Cw,n is a closed boundary of Ab(B0w). As a result,
the Shilov boundary of Ab(M0w) does not exist.
For each k ∈ N and a positive real sequence w = (wn)∞n=1, we define a sequence space M0w,k
consisting of all z = (zj )∞j=1 such that
lim
n→∞
∑n
j=1[z]j∑n
wk+j−1
= 0.
j=1
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‖z‖w,k = sup
n∈N
∑n
j=1[z]j∑n
j=1 wk+j−1
= sup
n∈N
sup
|J |=n
∑
j∈J |zj |∑n
j=1 wk+j−1
.
Let B0w,k and S
0
w,k be the closed unit ball and the unit sphere of M
0
w,k, respectively. Then M
0
w,1 =
M0w,B
0
w,1 = B0w, and S0w,1 = S0w . For each k ∈ N let
Lk =
{1 if wk wk+1,
wk+1
wk
if wk < wk+1.
Then Lk  1 for all k. Let Rk =∏kj=1 Lj  1. We claim that B0w,k ⊃ 1Lk B0w,k+1 for all k ∈ N.
Indeed, let z = (zj )∞j=1 ∈ B0w,k+1. Then we have |zj |wk+1 for every j and hence 1Lk |zj |wk
for every j . Moreover, for any n 2,
1
Lk
n∑
j=1
|zj | 1
Lk
n∑
j=1
[z]j = 1
Lk
[
[z]1 +
n∑
j=2
[z]j
]
wk +
n−1∑
j=1
[z]j wk +
n−1∑
j=1
wk+j
=
n∑
j=1
wk+j−1,
which implies that 1
Lk
z ∈ B0w,k . Hence B0w,k ⊃ 1Lk B0w,k+1 for all k ∈ N.
Therefore B0w ⊃ 1Rk B0w,k+1 for every k ∈ N. In particular, if w is decreasing, then Rk = 1 and
B0w ⊃ B0w,k for all k ∈ N.
Definition 4.4. Let S ⊂ B0w such that S ∩ B0w,k = ∅ for all k  2. For each k  2 and 0 <  < 1,
we consider the set
Ck(S, ) = sup
{∣∣f (0)∣∣: f ∈Ab(M0w,k), ‖f ‖ 1, ∣∣f (z)∣∣< 1 −  ∀z ∈ S ∩B0w,k}.
A family {Sγ }γ∈Γ of subsets of B0w such that Sγ ∩ B0w,k = ∅ for all γ ∈ Γ and k  2 is called a
uniform family of 0-boundaries for Ab(M0w) if
sup
γ∈Γ
sup
k2
Ck(Sγ , ) < 1 for all , 0 <  < 1.
Definition 4.5. Let M = {m1,m2, . . . ,mk} ⊂ N with m1 < m2 < · · · < mk and let π :N → N\M
be the bijection that preserves the order. We define the mapping ΠM :H = {z ∈ M0w: supp(z) ∩
M = ∅} → M0w by
ΠM(z) =
∞∑
j=1
zπ(j)ej for all z ∈ H.
For each k ∈ N ∪ {0}, let
Mk = wk+1
min1jk+1 wj
 1.
Let S ⊂ B0w be given. For each finite vector v ∈ B0w with |supp(v)| = n, put the set
S(v) =
{
Πsupp(v)(u): u ∈ B0w satisfies v +
1
u ∈ S and supp(v) ∩ supp(u) = ∅
}
.Mn
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∑n
k=1 vjk ejk with |supp(v)| = n
satisfies that there exists 1 l0  n such that |vjk | wl0 for all 1 k  n. It is easily seen that
for each σ ∈⋃∞k=1 I∞k every complex extreme point in Cw,σ is a finite vector bounded below
by w.
Lemma 4.6. Let {Sγ }γ∈Γ be a family of subsets of B0w . Suppose that there exists r ∈ R with
0 r < 1 such that Sγ ∩ rB0w,k = ∅ for all γ ∈ Γ and k  2. Then {Sγ }γ∈Γ is a uniform family
of 0-boundaries for Ab(M0w).
Proof. The proof follows easily from Lemma 3.3. 
Lemma 4.7. Let θ0 > 0 be given. Suppose that {Sγ }γ∈Γ is a family of subsets of B0w such that
for each γ ∈ Γ and k  2 there exists zγ,k ∈ B0w,k satisfying eiθ zγ,k ∈ Sγ ∩ B0w,k for all θ ∈ R
with |θ | θ0. Then {Sγ }γ∈Γ is a uniform family of 0-boundaries for Ab(M0w).
Proof. The proof follows from the same argument as in [6, Lemma 1.13] or [8, Lemma 1.4]. 
Theorem 4.8. Let S ⊂ B0w . Suppose that V is a set of finite vectors bounded below by w which is
dense in a boundary of Ab(M0w). If {S(v)}v∈V is a uniform family of 0-boundaries for Ab(M0w),
then S is a boundary of Ab(M0w).
Proof. If S is not a boundary of Ab(M0w), then there exist f ∈Ab(M0w) and 0 <  < 1 such that
‖f ‖ = 1 and |f (z)| < 1− for all z ∈ S. Since V is a set of finite vectors, there exists a sequence
(vn)
∞
n=1 of finite vectors in V such that limn→∞ |f (vn)| = 1. For each n ∈ N let kn = |supp(vn)|.
For any z = (zj )∞j=1 ∈ B0w,kn+1, we claim that
vn + Π−1supp(vn)
(
1
Mkn
z
)
∈ B0w.
Indeed, we may assume that vn = (vnj )knj=1 and vn1  vn2  · · ·  vnkn > 0. Since vn is a finite
vector bounded below by w, there exists 1 ln  kn such that vnj  wln min1lkn wl for all
1 j  kn. Since |zm|wkn+1 for all m,
|zm|
Mkn
 wkn+1
Mkn
= min
1lkn+1
wl  vnj (1)
for all m ∈ N and all 1 j  kn. Recall that vn ∈ B0w and Mkn  1 for all n. Fix n ∈ N. For every
1 l  kn, by (1),
1
Mkn
l∑
j=1
[z]j 
l∑
j=1
vnj 
l∑
j=1
wj .
On the other hand, for every l  kn + 1, by (1),
1
Mkn
l∑
j=1
[z]j =
kn∑
j=1
1
Mkn
[z]j +
l∑
j=kn+1
1
Mkn
[z]j 
kn∑
j=1
vnj +
l∑
j=kn+1
wj 
l∑
j=1
wj .
Then 1 B0 ⊂ B0w for all n ∈ N.Mkn w,kn+1
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un =
(
u
(n)
j
)∞
j=1 = vn + Π−1supp(vn)
(
1
Mkn
z
)
=
(
vn1 , . . . , v
n
kn
,
1
Mkn
z1,
1
Mkn
z2, . . .
)
for each n ∈ N. For every 1 l  kn,
l∑
j=1
[u](n)j =
l∑
j=1
vnj 
l∑
j=1
wj .
Similarly, for every l  kn + 1,
l∑
j=1
[u](n)j =
kn∑
j=1
vnj +
1
Mkn
l−kn∑
j=1
[z]j 
kn∑
j=1
wj +
l∑
j=kn+1
wj =
l∑
j=1
wj .
Hence vn + Π−1supp(vn)( 1Mkn z) ∈ B
0
w for all n ∈ N and all z ∈ B0w,kn+1.
For each n ∈ N, define a mapping gn :B0w,kn+1 → C by
gn(z) = f
(
vn + Π−1supp(vn)
(
1
Mkn
z
))
, z ∈ B0w,kn+1.
Since
Π−1supp(vn) ◦
1
Mkn
:M0w,kn+1 → M0w
is a continuous linear operator with ‖Π−1supp(vn) ◦ 1Mkn ‖  1, gn ∈ Ab(M
0
w,kn+1) and ‖gn‖  1
for all n ∈ N. For each z ∈ S(vn) ∩ B0w,kn+1, z = Πsupp(vn)(x) for some x ∈ B0w satisfying that
vn + 1Mkn x ∈ S and supp(vn) ∩ supp(x) = ∅. Since ‖z‖w = ‖Πsupp(vn)(x)‖w = ‖x‖w  1 and
‖ 1
Mkn
z‖w  1Mkn  1,
vn +Π−1supp(vn)
(
1
Mkn
z
)
= vn + 1
Mkn
Π−1supp(vn)(z) = vn +
1
Mkn
x ∈ S,
and hence∣∣gn(z)∣∣=
∣∣∣∣f
(
vn + 1
Mkn
x
)∣∣∣∣< 1 − 
for all n ∈ N. On the other hand,
sup
v∈V
sup
k2
Ck
(
S(v), 
)
 sup
n∈N
∣∣gn(0)∣∣ lim
n→∞
∣∣gn(0)∣∣= 1,
which contradicts the hypothesis that {S(v)}v∈V is a uniform family of 0-boundaries for
Ab(B0w). 
In following three corollaries, we always assume that S ⊂ B0w and V is a set of finite vectors
bounded below by w which is dense in a boundary of Ab(M0w). For easy example of the set V,
we can take V =⋃∞n=1 Cw,Jn where (Jn)∞n=1 is a sequence of finite subsets of N such that every
finite subset of N is contained in some Jn.
Corollary 4.9. If {S(v)}v∈V is a uniform family of 0-boundaries forAb(M0w), then S is a bound-
ary of Ab(M0w).
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of Ab(M0w) is a finite vector bounded below by w. 
Corollary 4.10. Suppose there is 0  r < 1 such that for each v ∈ V with |supp(v)| = n and
k  2 there exists y ∈ B0w satisfying
‖y‖w,k  r, supp(v) ∩ supp(y) = ∅, and v + 1
Mn
y ∈ S.
Then S is a boundary of Ab(B0w).
Proof. For each v ∈ V with |supp(v)| = n and k  2, there exists y ∈ B0w such that
‖y‖w,k  r, supp(v) ∩ supp(y) = ∅, and v + 1
Mn
y ∈ S.
Therefore∥∥Πsupp(v)(y)∥∥w,k = ‖y‖w,k  r
implies that Πsupp(v)(y) ∈ S(v)∩ rB0w,k. Hence S(v)∩ rB0w,k = ∅ for all v ∈ V and all k  2. By
Lemma 4.6, {S(v)}v∈V is a uniform family of 0-boundaries for Ab(M0w). By Theorem 4.8, S is
a boundary of Ab(M0w). 
Corollary 4.11. Suppose that there is θ0 > 0 such that for each v ∈ V with |supp(v)| = n and
k  2 there exists y ∈ B0w ∩B0w,k satisfying
supp(v) ∩ supp(y) = ∅ and v + 1
Mn
eiθy ∈ S
for all |θ | θ0. Then S is a boundary of Ab(M0w).
Proof. Fix v ∈ V with |supp(v)| = n and k  2. Since there exists y ∈ B0w ∩ B0w,k such that
supp(v) ∩ supp(eiθ y) = ∅ and v + 1
Mn
eiθy ∈ S for all |θ | θ0,
eiθΠsupp(v)(y) = Πsupp(v)
(
eiθ y
) ∈ S(v) for all |θ | θ0.
Moreover, ‖eiθΠsupp(v)(y)‖w,k = ‖y‖w,k  1 implies that
eiθΠsupp(v)(y) ∈ B0w,k for all |θ | θ0.
Hence there exists Πsupp(v)(y) ∈ B0w,k such that
eiθΠsupp(v)(y) ∈ S(v) ∩B0w,k for all |θ | θ0.
By Lemma 4.7, {S(v)}v∈V is a uniform family of 0-boundaries for Ab(M0w). By Theorem 4.8,
S is a boundary of Ab(M0w). 
Applying Corollaries 4.10 and 4.11, we present several useful examples of boundaries of
Ab(M0w).
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Sr =
{
z = (zl)∞l=1 ∈ B0w: ∃n,m ∈ N and k m such that zn =
1
Mm
rwk
}
is a boundary of Ab(M0w).
Proof. For each j  2 and 1 i  j consider the set Ji,j = {1, . . . , j}\{i} with the cardinality
|Ji,j | = j − 1. By Proposition 4.2, V =⋃∞j=2⋃ji=1 Cw,Ji,j is a boundary of Ab(M0w). For each
v ∈ V there exist i0, j0 ∈ N such that j0  2, 1  i0  j0, and v ∈ Cw,Ji0,j0 . Then |supp(v)| =
j0 − 1 and
[v]1  [v]2  · · · [v]j0−1  min1lj0−1wl  min1lj0 wl.
Fix k  2 arbitrary and let l(v, k) be the smallest positive integer such that
l(v, k) > max{j0, k} and min
1lmax{j0,k}
wl wm for all m l(v, k).
Consider y(v,k) = (y(v,k)s )∞s=1 defined by
y(v,k)s =
{
rwl(v,k) if s = i0,
0 otherwise.
Therefore
y(v,k) ∈ B0w, ‖y(v,k)‖w,k  r, supp(v) ∩ supp(y(v,k)) = ∅, v +
1
Mj0−1
y(v,k) ∈ Sr .
By Corollary 4.10, Sr is a boundary of Ab(M0w). 
Example 4.13. For every θ0 > 0, the set
Sθ0 =
{
z = (zl)∞l=1 ∈ B0w: ∃n,m ∈ N such that zn =
1
Mm
eiθwk for some k m and
some θ with |θ | θ0
}
is a boundary of Ab(M0w).
Proof. Use the same notations V and l(v, k) as in Example 4.12. For each v ∈ V and k  2,
consider y(v,k) = (y(v,k)s )∞s=1 defined by
y(v,k)s =
{
wl(v,k) if s = i0,
0 otherwise.
Then
y(v,k) ∈ B0w ∩ B0w,k, supp(v) ∩ supp(y(v,k)) = ∅
and
v + 1
Mj0−1
eiθ y(v,k) ∈ Sθ0 for all |θ | θ0.
By Corollary 4.11, Sθ0 is a boundary of Ab(M0w). 
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Sr,j =
{
z = (zl)∞l=1 ∈ B0w: ∃n,m ∈ N such that (zl)nl=1 ∈ Cw,n, zn+j =
1
Mn
rwj+m, and
zl = 0 for all l  n + 1 with l = n + j
}
is a boundary of Ab(M0w).
Proof. By Proposition 4.2, V =⋃∞n=1 Cw,n is a boundary ofAb(M0w). Given v = (v1, . . . , vn) ∈
Cw,n ⊂ V and k  2, let I (v, k) be the smallest positive integer such that
I (v, k) > max{n + 1, k}, min
1jmax{n+1,k}wj wm for all m I (v, k).
Then |vl |min1jn wj wI(v,k) for 1 l  n.
Consider y(v,k) = (y(v,k)s )∞s=1 defined by
y(v,k)s =
{
r · wj+I (v,k) if s = n + j,
0 otherwise.
Then we can easily check that
y(v,k) ∈ B0w, ‖y(v,k)‖w,k  r, supp(v) ∩ supp(y(v,k)) = ∅, v +
1
Mn
y(v,k) ∈ Sr,j .
By Corollary 4.10, Sr,j is a boundary of Ab(M0w). 
Example 4.15. Let θ0 > 0 and j ∈ N be given. Then the set
Sθ0,j =
{
z = (zl)∞l=1 ∈ B0w: ∃n,m ∈ N such that (zl)nl=1 ∈ Cw,n, zn+j =
1
Mn
eiθwj+m
for some θ with |θ | θ0, and zl = 0 for all l  n + 1
with l = n + j
}
is a boundary of Ab(M0w).
Proof. Use the same notations V and I (v, k) as in Example 4.14. For each v = (v1, . . . , vn) ∈
Cw,n ⊂ V and k  2, consider y(v,k) = (y(v,k)s )∞s=1 defined by
y(v,k)s =
{
wj+I (v,k) if s = n + j,
0 otherwise.
Therefore
y(v,k) ∈ B0w ∩B0w,k, supp(v) ∩ supp(y(v,k)) = ∅
and
v + 1
Mn
eiθy(v,k) ∈ Sθ0,j for all |θ | θ0.
By Corollary 4.11, Sθ0,j is a boundary of Ab(M0w). 
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